We study the asymptotic behaviour of nonnegative solutions to: ut = pu m using an entropy estimate based on a sub-family of the Gagliardo-Nirenberg inequalities -or, in the limit case m = (p?1) ?1 , on a logarithmic Sobolev inequality in W 1;p -for which optimal functions are known. 1 .
Diffusions nonlinéaires et constantes optimales dans des inégalités de type
1 .
Une preuve détaillée du Théorème 0.1 sera donnée dans [7] .
Introduction and main result
The long time behaviour of solutions to nonlinear diffusion equations has been extensively studied, but most of the results are concerned with nonlinearities involving the function itself rather than its derivatives, like in the case of the porous medium equation. Although it is well known that equations involving the pLaplacian have similar properties and can be studied using the same type of tools [10] , much less is known for such type of diffusions.
Recently, an approach based on an entropy-entropy production method [1, 3, 11, 2] has been developed, but it has apparently not been sufficient to catch the intermediate asymptotics, i.e. to determine in an appropriate L s norm the decay rate of the difference of the solution with the Barenblatt-Prattle type self-similar solution, in the case of the p-Laplacian (which is already known for a long time, by different methods, for s = 1: see [9] ). Independently of the entropy-entropy production method, the rate of decay of the entropy functionals in connection with optimal constants in Sobolev type inequalities has been investigated in [4, 5] for p = 2, and new optimal constants were found in [6] (see Theorem 2.2 for results on Gagliardo-Nirenberg inequalities and Theorem 3.2 for a new and optimal logarithmic Sobolev inequality in W 1;p ). These results are a consequence of a recent uniqueness result by Serrin & Tang [12] for ground states involving the pLaplacian. The main purpose of this note is to present the application of these optimality results to the asymptotic behaviour of evolution equations involving the p-Laplacian. Lebesgue's measure. The rest of this note is devoted to a sketch of the main steps of the proof of this result (Section 2.) and to a natural extension (Theorem 3.1) to more general diffusion, but only at a formal level (Section 3.) since uniform convergence for large time or even existence results are apparently not available in the literature. For standard results on nonlinear diffusions, we refer to [8] . A detailed proof will be given in a forthcoming paper [7] .
Entropy and optimal constants in Sobolev type inequalities
In this section we are giving a sketch of the proof of Theorem 1.1. Let v be such that u(t; x) = R ?d v(log R; x R ). If u is a solution of (1), v is a solution of
with initial data u 0 , and v 1 is a stationary, nonnegative radial and nonincreasing solution of (2) . Notice that the constant C is uniquely determined by the condition M = kv 1 Next, consider a subfamily of the Gagliardo-Nirenberg inequalities for which the optimal constants and optimal functions are known. We refer to [6] for a proof. 
(0).
The conclusion of the proof of Theorem 1.1 then holds with the help of the following lemma which is one of the variants of the Csiszár-Kullback inequality: see [7] for more details. In order to treat the case q < 1 (p < 2), one has to notice first that s q ?1 
Extension to other nonlinear diffusions involving the p-Laplacian
This section is devoted to the extension of the above results to the equation
for some positive exponent m. 1 .
For convenience one uses here a non invariant under scaling inequality, which is equivalent to the following optimal form (see [6] ):
R jwj p log jwj dx d p 2 log L p krwj p p for any w 2 W 1;p (IR d ) such that kwk p = 1. As a conclusion, notice that the convergence in L s for any s 2 q; +1) or 1=q; +1), depending whether q 1 or q 1, would hold as soon as a uniform convergence result of v to v 1 is true. This is apparently known only in the case m = 1 [10] or p = 2 [9] .
